AN INDIRECT SUFFICIENCY PROOF FOR THE PROBLEM
OF LAGRANGE WITH DIFFERENTIAL INEQUALITIES
AS ADDED SIDE CONDITIONS

BY
LOUIS L. PENNISI

1. Introduction. The problem to be considered here consists in finding in
a class of arcs C: yi(x) (z=1, - - -, n; x! Sx<x?) joining two fixed points
and satisfying a set of differential inequalities and equations of the form

(%, 9,9 20, (x99 =0

that one which minimizes the integral

10 = [ st 3 sa.

Valentine [11](?) has given a brief history of this problem and has derived
certain necessary conditions by introducing auxiliary functions 2f(x) such
that ¢f(x, v, ¥) =3, His sufficiency theorems depended on assumptions of
normality and a field theory, and also required all except one of the differential
inequalities to be satisfied in the strict sense along the minimizing arc Co.

Using methods developed by McShane [9] and Hestenes [3; 4; 5; 6]
we shall give an indirect proof of a sufficiency theorem. Instead of demanding
that all but one of the functions ¢? is positive along C, we shall impose the
more general restriction (2.5) to be described in the next section.

2. Statement of problem and main theorem. Let R be a region in (2n+1)-
dimensional space of points (x, y, p) =(x, ¥}, - - -, y% p, - - -, p™). By an ad-
missible arc C will be meant a set of functions yi(x) (=1, - - -, n;x'Sx Zx?)
which are absolutely continuous and have integrable square derivatives
yi(x) such that the point [x, y(x), y(x)] is in R for almost all x on x!x2.
It will be assumed that the functions f(x, v, p), ¢*(x, ¥, p), ¥*(x, ¥, p) areof
class C” on R (B=1,---,m; p=m+1, - - -, m+t<n). The subset on R
on which ¢#(x, y, ) =0, ¥*(x, v, p) =0 will be denoted by D. We shall say
that C lies in D if the point [x, y(x), y(x)] lies in D for almost all x on x!x2.

We shall be concerned with a particular admissible arc Co: yi=19}(x) of
class C’ which lies in D, satisfies the end conditions

(2.1) yi(x®) = yi G=1,---,m;a' S x=a%s=12)
and along which the matrix
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8
2.2) |5
'pp"
has rank m-t. Suppose that the interval x'x? can be divided into a finite
number of open intervals 4,: ¥, <x<%,41 (r=0, 1, - - -, T), where xo=x!,

%741 =%2, in such a manner that each of the functions ¢#[x, yo(x), yo(x) ] either
vanishes identically on 4, or is positive everywhere on 4,. Let I'(x) be the
set of indices 8 such that ¢#[x, yo(x), y0(x)] =0. Then I'(x) is independent of
x when x is in A, and may be denoted by I',. Let 4(B3) be the closure of the
sum of the intervals 4, on which ¢#[x, yo(x), y0(x)] =0.

Consider now a set of continuous functions A°=0, M(x), A*(x) such that if
we define

F(xv ¥ b )\) = )\Of(x' Y ?) + )‘ﬂ‘bﬁ(xv Yy P) + )‘p‘/,p(x' ¥, P),

then the equations
(2.3) Fy = leF,,t‘dx-{- ct,

(2.4 M(x)¢f(x, v, 9) =0 (B not summed)

hold along C, with the multipliers A(x) for some set of constants c?. Let A(x)
be the set of indices 8 such that M(x) 0 and let B(B) be the set of points x
for which M(x) 0. It is evident from (2.4) that B(8), the closure of B(8),
is contained in 4(8) and that A(x) is contained in I'(x). In fact, A(x) is con-
tained in T, for all x in 4,. We shall assume that

(2.5) I'(x) — A(x) contains at most one index.

We shall make a further restriction on our choice of multipliers. Let
Ep(x, ¥, P, ¢, \) be the Weierstrass E-function

Ep = F(x, ¥ q )‘) - F(x’ ¥ b )‘) - (Q' - Pi)Fp‘(xl ¥ b )\),
and define (%, y, p) as
FF(x, 3, 9) = (=, 3, p)/[1 + ¢5 (=, 3, p) 2.

It will be assumed that there is a neighborhood D; of C, relative to the set D
and a constant b such that 0 <b <1 and the inequality

(2.6) Er(x, 3, 9, ¢, N) — M(2)¢8(x, 3, q) = bEL(p, 9) — M(2)F(%, ¥, @)

holds whenever (x, ¥, ¢) is in Dy, (%, ¥, ¢) is in D, and ¢#(x, y, p) =0 in case
B is in A(x). Here L(p) is the integrand (1-+p%p%)¥/2 of the length integral and
EL(p, q) is the E-function

2.7) Ei(p, @) = L(g) — (1 + #°¢)/L(2)
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for this integrand. We shall call the set of functions N°=0, N8(x), A(x) an
admissible set of multipliers when the functions are continuous on xx? and
the conditions (2.3), (2.4), (2.5), and (2.6) are satisfied under the conditions
described.

Let us now consider a set of functions 5%(x) which are absolutely continu-
ous and have integrable square derivatives %*(x) on xx2. If such a set of
functions satisfies with the curve Cy and an admissible set of multipliers the
end conditions

(2.8) 7(x*) = 0,
the differential equations

B i 8 .
(2.9 Sy + dpm =0

for almost all x in B(B3), the differential inequalities

i B i
(2.10) o + Sy 2 0
for almost all x in 4(8) —B(8), and the differential equations

(2.11) Vo' 4+ ¥hd =0

for almost all x on x'x2, it will be called an admissible variation. For each
admissible variation, the second variation

22
Mw=f 20, m, )da
(2.12) , '
= f (Fyipnin® 4+ 2F yigin'n® + Fpipnin®)dx

1

is well defined.

THEOREM 2.1. Let Co be an arc of class C' which lies in D, satisfies the end
conditions (2.1), and along which the matrix (2.2) has rank m-+t. Suppose an
admissible set of multipliers can be found for which Ja(n) >0 for every nonnull
admissible variation. Then there is a neighborhood ¥ of Co in (x, ¥)-space such
that the inequality I(C)>I(Cy) holds for every admissible arc C in F which lies
in D, satisfies the end conditions (2.1), and is different from C,.

3. The problem with a finite number of variables. In order to be able to
draw conclusions from the inequality (2.6) and also to furnish a model for
the calculus of variations problem, we find it convenient to discuss first the
problem of minimizing a function f(x) of # variables x* in the class of points
x satisfying m inequalities ¢f(x) =0 and ¢ equations Y*(x) =0, when m 4+t <n.
For the normal case, which is the only one we consider, our results are more
general than those of Karush [7].
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We suppose that the functions f(x), ¢#(x), and ¥*(x) are of class C”’ in a
neighborhood R of a point x,, that ¢#(x9) =0, ¥*(x0) =0 and that the matrix

has rank m 2.

THEOREM 3.1. If xo minimizes f(x) in the class of points x near xo such
that ¢8(x) =0, Y*(x) =0, then there exist unique multipliers uf, u? such that if
F(x, w)=f(x)+ubds(x)+ur(x), them F.i(xo, u)=0. Moreover, p# =<0 and
wPPB(x0) =0 for each B.

The first sentence of the theorem follows from well known results [1, p.
210] since the point x, is a normal point which minimizes f(x) in the class of
points x near xy for which ¢#(x) =¢#(x,), ¥*(x) =0. To prove that u# <0 we
pick functions Y7 (x) j=m4t+1, - - -, n) of class C" such that the equations

3.2) #(x) = ¥+ ¢f(x0), YP(x) =0,  ¥i(x) = Yi(x) + o7

have a nonvanishing functional determinant when x =x,, ¥#=0, v/=0. Solu-
tions x%(v) of class C’’ near v =0 therefore exist such that xi(0) =x§ and so the
function

(3.3) flz@)] = Flx(), n] — uPr® — uPgP(x0)

is minimized by =0 in the class of points v near 0 for which each ¥#>0. Its
derivative with respect to v#, namely —uf, must therefore be non-negative.
If ¢f(xe) >0 for some B, then the function (3.3) has a two-sided minimum
when regarded as a function of ## only and so u#=0. Hence uf¢?(x,) =0 for
each 8.

Let us define I as the set of all indices 8 such that ¢#(xo) =0, and A as the
set of all indices 8 such that uf <0. It is clear then that A is a subset of I'.

” ¢ 2:(0)
¥ai(0)

3.1)

THEOREM 3.2. If xo minimizes f(x) in the class of points x near xo such that
?P(x) =0, ¢Y#(x) =0, then the function F(x, u) defined by Theorem 3.1 is such
that

F om0, w)mir®* 2 0
for every set w* such that
Vilzdr =0, ¢u(a)r 20,  dulz)r =0
for all p, ally in T —A, and all § in A.

If 7 is a set as described in the theorem, we set v8(¢) =¢f:(xo)mt, vi(t)
=y i(xo)7t and observe that the function flx{v(f)}], in which x(v) is the
function constructed in the proof of Theorem 3.1, is minimized by =0 in



1953] SUFFICIENCY PROOF FOR THE PROBLEM OF LAGRANGE 181

the class of non-negative ¢ near ¢ =0. The first derivative of this function ob-
viously vanishes when ¢ =0 and so its second derivative must be non-negative
when =0, or Fyu(xo, p)%s%k =0, in which %, =dxi[v(¢)]/dt when ¢t =0. If we
differentiate equations (3.3) after replacing v by v(¢), we discover that

& (x) %0 = dix)m,  Vai(x0)Fe = 0 = Po(ao)m,
F) < j N
Vai(%o) %o = 1l/is(xo)7r .
It follows that %5 == and hence that Fi:(xo, p)min* =0, as desired.

COROLLARY. If xo minimizes f(x) in the class of points x near xq such that
f(x) =0, Yo(x) =0, and if the set ' —A contains at most one index, v, then the
function F(x, u) defined by Theorem 3.1 is such that Fiiu(xo, p)win*=0 for
every set w¢ such that Y2(xo)wi=0, ¢p3:«(x0)mi=0 for all p and all & in A.

There is nothing new to prove unless 7 is a set satisfying the conditions
of the corollary for which ¢):(xo)w?<0. In this case we define #‘= —=* and
have a set #¢ satisfying the conditions of Theorem 3.2. Since the quadratic
form is unaltered when 7* is replaced by #f, we see that the corollary is
true.

THEOREM 3.3. Suppose there exist multipliers p®=0, uf 0, u? such that if
F(x, p)=p(x)+ufdf(x) +urdr(x), then Faoi(xo, p)=0, pPpP(xo) =0 for each
B. If the quadratic form Fyi(xo, p)mwimk >0 for all nonnull w such that Ysi(xo)m?
=0, ¢Y:(x0)T =0, ¢li(xo)wi=0 for all p, all vy such that u¥ =¢(x0) =0, and all &
such that u <0, then there is a neighborhood ¥ of xo such that f(x)>f(xo) if x
is any point in F different from xo for which ¢f(x) =0, Y*#(x) =0.

If this theorem were false, there would be a sequence of points x,7xs
converging to x, such that ¢#(x,) =0, y*(x,) =0, f(x,) =f(x0). Define &, as the
positive square root of lx,—xo] 2— ufpf(x,). Then &, converges to zero. If we
define 7= (x!—x})/k,, then |m,| =1 since —uf¢#(x,)20. By passing to a
subsequence we may therefore suppose that mf converges to a limit .
Since u°=0, we have that

02 B [F(sr, 5) — F(xo, 8) — ' (2)].

Expanding the right-hand side of this inequality by Taylor’s theorem, making
use of the fact that F.:(xo, &) =0, and letting » approach «, we find that

1 i _
(3.4) 02 —Fuula, wmers 4 lim sup [— B e () ].

Moreover, we see from Taylor’s theorem and the relations

ky 5 T (% (X
——>¢(x)g0, ¢(x)go' 'l/(x)___o'
u’ k,- kr kr
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that @2i(xo)ms =0 if u®<0, ¢Y(xo)mh=0 if ¢7(xo) =0, and YLi(xo)mh=0. If the
set my were nonnull, it would then follow from the hypothesis of Theorem 3.3
that Fai(x0)mgms >0 and so (3.4) could not hold since lim sup [— & 2uf¢8(x,) |
=0. Hence 75 =0. It then follows from (3.4) that

(3.5) lim £, ¢ (x,) = 0.

Since we have from the definition of &, that 1= [ 1r,| 2— b 2uf@P(x,), and since
75 =0, we see that (3.5) cannot hold. We infer the truth of the theorem from
this contradiction.

4. Some consequences of the hypotheses. For a fixed x on x!x? it follows
from our hypotheses (2.4) and (2.6) that the function of g,

EF(xy y(h 5’0, q) )‘) - bEL(}.’Oy Q) - )\ﬁ(x)¢3(x’ y01 9) + b)\ﬂ(x)$ﬂ(x’ yoy 9),

is minimized by ¢=4} in the class of ¢' near 7 for which ¢#(x, ¥,, ¢) =0,
Y2(x, ¥o, ¢ =0. From Theorem 3.1 we conclude that there exist multipliers
B, p# such that

[ — (1 — 0\ ]¢5 + w'¥ = 0

when yi=yj(x), p*=94(x). Since the matrix (2.2) has rank m+¢, it follows
that puf=(1—b)N?, u»=0 and since 0 <b<1, we also conclude from Theorem
3.1 that M<0. From Theorem 3.3 we have that

62
dq¢'aq*
when g¢i=44(x) for all 7% such that Y2ari=0, ¢Jai20, pJai=0 for all p, all

v in I'(x) —A(x) and all é in A(x). Since (2.5) holds we have the following
theorem.

THEOREM 4.1. If the multipliers satisfy (2.4) and (2.6), then
4.1) M(z) < 0.

[EF(xr Yo, 5’0; q) x) - bEL(}.,Oy 9)]71".7"" g 0

If they also satisfy (2.5), then Fpipmin*ZbLyipmin* holds for every set wt for
which Yomi=¢Sari=0 for all p and all § in the set A(x) for whick N¥(x) <O0.

COROLLARY 1. If the multipliers satisfy (2.4), (2.5), and (2.6), then the
matrix
Fpip $p¢ Vs
(4.2) 6w O O
Y O O

)

in which vy ranges over the set T'., is nonsingular when x is in 4,, yi=y(x),
¥ =55(x).
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This result is an obvious corollary of Theorem 4.1 when it is remarked
that A(x) is a subset of I', when x is in 4.

The following differentiability theorem is an immediate consequence of
the preceding corollary.

COROLLARY 2. When the multipliers are admissible, they and the functions
y5(x) are of class C' on each interval 4.,.

COROLLARY 3. There exists a constant 0 such that if we define

(%, 3, p) = N (2%, 3, 9),
for each 3, and

H(z, y, p) = 0[‘,’p(x’ s P)‘l’p(xv Y p) + ¢ﬁ(x, Y ﬁ)(bg(x, Y 1))]’

then the quadratic form (Fpupm+Hpp)min*>0 for all nonnull vectors w* and
each x on x'x2.

. This is a consequence of a known result [10, p. 679] since C, satisfies the
differential equations ¥#(x, ¥, 7) =0, ¢5(x, ¥, ) =0 and is such that Fppmrir*
=0 for all nonnull vectors 7 such that $5ari=0, ¢f,mi=0.

LEMMA 4.1. There exist functions Yi(x, y, p) (j=m-+t+1, - - -, n) of class
C" near Cy such that the determinant

e
(4.3) Yo

Vo
does not vanish on C,.

This lemma is a well known consequence of the fact that the matrnx (2.2)
has rank m+¢ along Co [1, pp. 224-226].

5. The equivalence of (2.6) to IIy and condition III’. We define the class
N as the collection of all sets N of points (x, ¥, p, ») such that there exists a
neighborhood R, of the points (x, ¥, %) on C, and a positive constant a
for which (x, y, p, ») is in N if and only if (x, ¥, p) is in Ry, »* =N, |vP—)\P(x)[
=<a, Ivf’ k’(x)] < —aM(x) if B is not in I'(x) —A(x), —a=y7=0 if v is in
I'(x) —A(x). We shall say that the arc Cy with the multipliers X°, Né(x), N\(x)
satisfies the condition Il if there is a set NV in N such that

(5.1) Er(x, b q v) — "Bd’ﬂ(x’ s Q) =20
for all sets (x, v, p, ¢, ») such that (x, ¥, p, ») is in N, (x, ¥, p) and (x, ¥, ¢)
are in D and ¢#(x, v, ) =0 if B is in A(x).

We shall say that the arc C, with the multipliers A%, N(x), N\*(x) satisfies
the condition III” in case Fpim[%, y0(%), $0(x), A(x) Jwrizr*¥ >0 for every nonnull
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vector m such that y¥4:[x, yo(x), Yo(x) Ti=@3:[x, yo(x), yo(x)]7i=0 for all p
and all é in A(x).

THEOREM S.1. If the arc Cy with the multipliers N, N(x), N(x) satisfies
equations (2.4), then it satisfies the condition 11y and satisfies the condition 111"
if and only if there is a constant b such that 0 <b<1 and a neighborhood D,
of C, relative to the set D such that the inequality (2.6) holds whenever (x, vy, p)
is in Dy, (x, ¥, q) 1s in D, and ¢*(x, v, p) =0 if B is in A(x).

The proof of this theorem will follow from a series of lemmas which we now
proceed to prove.

LEMMA S5.1. If the arc Co with the multipliers N°, Nf(x), N°(x) satisfies the
condition 11y and equations (2.4), then N¥(x) =0.

This follows directly from Theorem 3.1 when we observe that

EF(xy y09 5’01 q’ x) - xﬁ(x)tbﬁ(x' yo» q) g 0
for any ¢* such that ¢#(x, yo, ¢) =0, ¥*(x, ¥o, ¢) =0.

LEMMA 5.2. If there is a positive constant b such that the inequality (2.6)
holds for all (x, y, p) in a neighborhood D, of C, relative to D for which ¢5(x, y, p)
=0 if B is in A(x) and all (x, y, q) in D, and if Co with the multipliers \°, N8(x),
Ne(x) satisfies the condition 1ly, then the constant b may be required to be less
than one.

If b is not less than one, it follows from Lemma 5.1 that if &’ <1,

b[EL(p, @) — M(0)#(x, 3, 9] Z V'[EL(p, ) — M(#) (%, 3, 9]
for all (x, y, ) in D. Hence the lemma is true.

LEMMA 5.3. If the arc Co with the multipliers \° =0, N(x) =0, N (x) satisfies
the condition 111’ and satisfies (2.4), there exists a positive number b and a neigh-
borhood D, of Cy relative to D such that the inequality (2.6) holds for all (x, y, p)
in Dy such that ¢*(x, y, p) =0 if B 1s n A(x) and all (x, ¥, q) 1n D,.

The lemma may be proved by minor adaptations of the proof of Theorem
3.3.
We can easily infer from the identity
(5 2) EF(x’ » pr q, )‘) - )‘ﬁ(x)d’ﬂ(x: ¥ 9) = EF(x, ) 17’ 9 V)
' — Y%, 3, ) + (W — »)Epp + (M — 1) (Egs — ¢)

and the definition of the class N that the following lemma is true.

LEMMA 5.4. If the arc Cy with the multipliers N°, N8(x), N°(x) satisfies the
condition 11y, there is a neighborhood D, of C, relative to the set D and a positive
constant a such that
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(5.3) En(x, 3, £, ¢, \) — N(2)¢5(, 3, @) = a| Epp(x, 3, p, 9) |

whenever (x, y, p) is in Dy, ¢f(x, v, p) =0 1f B8 1s in A(x) and (x, y, q) s 1n D.
Moreover, the set Dy can be chosen so that for each closed subset M., of B(vy) there
15 @ positive constant a, such that

Er(x, v, p, ¢ N) — N(2)¢8(x, 3, )

5.4
G-y 2 ay| Eg(x, 9, 0, 9) — ¢"(%, 3, 9| (v not summed)

whenever (x, vy, p) is in Dy, ¢(x, v, p) =0 if B is in A(x), and (x, ¥, q) is in D,
and x 1is in M,.

The proof of Theorem 5.1 may now be constructed by modifying the
method used by Hestenes to prove a similar theorem [3, Theorem 4.3]. If a
constant b and a neighborhood D, having the properties described in Theorem
5.1 cannot be found, it follows from Lemmas 5.2 and 5.3 that there exists a
sequence (X, Y&, P, qx) such that (xi, yi, p) is in D, (xz, Y&, gx) is in D —D,,
P (xx, Y&, Pr) =0 if B is in A(xs),

Er[%r, Y2, Drs qry MN22) ] — N(202) 9P (21 Vi Qi)
< EFEL(pr, g0) — M2 (51, 30, q0) ],

and for which (xx, yx, px) converges to a point (xo, ¥o, ¥o) on Co. Since N(x)
is continuous, we may suppose that

¢ﬂ(xkv Vi, Pk) = 0

(5.5)

if B is in A(xo).
Cask L. g has a finite accumulation point go. Then g5y} for all 4 since
(%0, Y0, o) is on Co and (xo, Vo, go) is not in Dy. It follows from (2.7) that

(5.6) Ei(p, q) < 2L(g),
and since ?(x, ¥, ¢) <1, it follows from (5.5) and the condition IIy that )
(5.7 lim {Er[(%k Yty Pro gi M@R) ] — N(21)8 (%, Y1 i)} = O.

Suppose for the moment that the set I'(xo) —A(xo) is void. By Lemma 4.1
the equations

(5 8) ¢6(x1 ¥ f) =0ifdisin A(xo), ¢a(x, ¥, 7') = ¢a(x' ¥ P) + =
" if ais not in T(xo), ¥*(x, 3, ) = 0, Yi(x, y,7) = ¥i(x, 3, p) + v/

have solutions ri(x, y, p, v) of class C’ near (xo, ¥o, Yo, 0) such that
ri(xo, Yo, Y0, 0) =94, (x, v, ) is in D, and ¢*(x, y, r) =0 if § is in A(x). If we
set r3(v) =7i(xx, Vs, bx, v), it follows from the condition IIy that for lv[ suffi-
ciently small,

lim inf { Er[2x, y2, 7£(0), qro Nxx) ] — M(x2)0P (%6, Y5, qa)} = 0,
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and hence from (5.7)
lim inf {Ep[xk, Yk, rk(v), Qky )\(xk)] — Ep [xk, Vky Pk, qky )‘(xk)]} = 0,

F[xo, yo, 90, Mx0) ] — }";F,,e[xo, yo, $o, M) (o) ]
(5.9) — F[o, 30, 70(2), M(x0)] + 70(2)Fp:[ %0, 0, 70(2), N(%0)]
— qo{F pi[ 20, 30, 70(0), N(@0)] — F [0, 30, 50, N(x0)]} = 0.
Define v*(¢) =¢=[xo, Yo, Yo+e(go— o) ] —d*(x0, Yo, 7o) if @ is not in T'(x),
vi(e) =yi[x0, Yo, Fo+e(go—Jo) | —¥i(xo, Yo, F0), ri(e) =rgv(e),
Q(e) = F[xo, 50, Y0, M(wo)] — y;Fp"[xOy ¥, Yo, M(0) ]
= Flxo, 30, 7(e), N#o) ] + 7% (O)F i %0, 30, 7(€), Mao) ]
- q;{F?‘[xo' Yo, f(e), x(xo)] - F?‘[xfh Yo, 5’0: )\(xo)]}-
By (5.9) and the fact that 7i(0) =5 we see that Q(e) = Q(0) =0 for all suffi-
ciently small e. Hence Q'(0) =0, or
(5. 10) (y:) - q;)Fpipk [xo, Yo, )'lo, )\(xo) ]7"(0) = 0.
Now it follows from (5.3) that lim |E¢p(xk, Ve, Drr. )| =0. Since
Yo (xk, Vi, Dr) =¥P(%k, Y&, qr) =0, it follows that
(5.11) (g0 = FoWoilu, 3o, 30) = 0.
Similarly, it follows from (5.4) and the fact that ¢®(xx, y&, £:) =0 if 8 is in
A(x) that
(5.12) (g0 — $0)85:(%0, 30, 30) = 0

if & is in A(x,). If we differentiate the equations satisfied by r(e) and set e=0,
we find that #{(0) =g} — 53 and hence

Fpip [xﬂ' Yo, Yo, )‘(xo)];i(o);k(o) =0

although the numbers #¥(0) do not all vanish and satisfy

Va0, Yo, 5’0)5'i(0) = ¢;-‘(xm Yo, S’O)fi(o) =0

for all p and all § in A(x,), and this is a contradiction of condition III’.

If the set I'(xy) —A(xo) is not void, it contains a unique index y. We show
first that ¢J«(xo, ¥0, 70)(g6 —75) =0. We observe that if we set v*»=N, y§=\8
when B85+, it follows from the identity (5.2) and the condition IIy that if
v = —a, then the point (xx, Y&, P, ¥) is in N for k sufficiently large, and

Er[2k, Yr Do Qo Nx2) ] — N(22) P (28, Vi q)

5.13 : . P
( ) = — [a+ N(x0)][ (xry Y11 p8) + (g — P)Dpe(%ts Vi P10 ]
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Since (5.7) holds and A7(xo) =¢(x0, ¥o, y0) =0, we find that

0z — a(q; - 5’;)4’:-‘(950, Yo, o).

Since a>0, we see that ¢}«(xo, ¥o, J0)(g6— 55) =0.

Suppose ¢2i(x%0, Yo, P0)(go—%) =0. Then we include the equation
¢7(x,v,7) =0 with the equations (5.8) and the analysis in the preceding para-
graphs is unaltered since ¢7:«(xo, ¥o, $0)#(0) =0. If ¢}:(x0, ¥0, $0)(g5—5) >0,
we include with the equations (5.8) the equation ¢7(x, y, ) =v7. Then the
solutions ri(x, y, p, v) will be such that (x, y, ) will be in D if 7 =0. We set
vY =¢7[x0, ¥0, Jo+e(go—7y0)], the v* and v7 being defined as before. Then
v7(e) 20 if e is positive and sufficiently small and so Q(e) = Q(0) for all non-
negative small e. Hence Q’(0) 20, or (35—gb) Fpin[*o, Yo, J0, N(x0) ]#(0) 0.
It follows just as above from (5.11) and (5.12) that #i(0) =g5— 94 and that
the last inequality cannot hold when C, satisfies condition III’.

This disposes of the case in which g has a finite accumulation point. Next
consider:

Case II. L(gi)—+ . Then the sequences gi/L(gx) converge to limits
m¢ and wirt=1. It follows from (5.5) and (5.6) that

(5.14) lim {Er[2k, 5 pr g Man) ] — W(22)¢8 (2, 3, q1) § /L(gs) = O.

If the set I'(xo) —A(xo) is void, we define the functions r{(v) as in the bounded
case. Instead of (5.9) we now get

— i{F,:[%0, 0, 70(8), N(%0) — Fypi[%0, o, $0, N(%0)]} = 0.

We define v2(e) =¢=(xo, Vo, Yo+em) —d=(xo, Yo, Vo), v'(€) =¥ (x0, ¥o, y+em)
-—W(xo, Yo, 5’0)7 ri(e) =r(',[v(e)], Q(e) = _7ri{ FP"[xOr Yo, r(e), )‘(xo)]_FP‘[xo) Yo,
0, M(x0) ] }. Then Q(e) = Q(0) =0 for all sufficiently small e, ¢’(0) =0, and

(5.15) — WiF,epk[xo, Yo, Yo, M o) ]f'k(O) = 0.

Instead of (5.11) and (5.12) we infer from (5.14), (5.3), and (5.4) that
¥5i(x0, Yo, Yo)Ti=eJ:(x0, Y0, o)m=0 for all p and all & in A(x,), and this with
(5.15) contradicts the nonsingularity hypothesis, since it is easy to see by
differentiating the equations satisfied by r(e) that #{(0) ==¢. If there is an
index v in I'(x0) —A(x0), we see from (5.13) and (5.14) that ¢ (e, Yo, Yo)T:=0.
The modifications in the analysis for the bounded case can be easily carried
out since this inequality holds.

To prove the converse of Theorem 5.1 we utilize the following lemma
which is similar to the Corollary of Hestenes [3, Corollary 1, p. 59].

LEMMA 5.5. There is a neighborkood D, of C, relative to D and a positive
constant by such that

(5.16) Eg(x, 3, p, 9) — ¢*(%, ¥, @ S b1En(p, @
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whenever (x, y, p) is in Do and (x, v, q) 1s in D. Moreover, if H(x, v, p) 1s of
class C"" on R and is such that there exists a positive constant W and a neighbor-
hood Ty of Co in (x, y)-space such that WL(p) = |H (%, ¥, p)] whenever (x, y) is
in Frand (x,y, p) is in D, then Dy and by may be chosen so that

(5.17) | Ex(x, 3, £, )| < 0:E2(p, 9)
whenever (x, v, p) 1s in Do and (x, v, q) s in D.

Since Lyipmin*>0 for all nonnull sets 7¢, it follows from reasoning like
that used in Lemma 5.3 that there is a neighborhood R; of Cy in (x, v, p)-space
and a positive constant b, such that (5.17) holds with b, replaced by b.
whenever (x, ¥, p) and (x, v, ¢) are in R; for both H and ¢?. Since ¢*=0 on D,
(5.16) also holds with b, replaced by b, whenever (x, y, p) and (x, vy, q) are
in RyD. Choose a neighborhood D, of Cy relative to D such that the closure
of Dy is in R;. Then there exists a positive constant b; such that
L(q) SbsEL(p, q) whenever (x, ¥, p) is in Dy and (x, ¥, ¢) is in D—R,D. Let
by be an upper bound for IH(x, y, p)—pHyi(x, v, p)], IH,,¢(x, y, )|,
|8(x, ¥, p) —p'dls(x, ¥, p)], |¢£‘(x, ¥, p)[ whenever (x, y, p) is in D,. If
(x, ¥, p) is in Dy and (x, y, ¢) is in D—R,D, then

| En(x, 9, 8, 9) — H(x, y, 9) | < ba(n + 1)L(q) S bsba(n + 1)EL(p, q),

and the same inequality holds if H is replaced by ¢#. It follows that (5.16)
is true if by =>by+bsbs(n+1) whenever (x, ¥, p) is in Dy and (x, ¥y, ¢) is in D.
Reduce Dy if necessary so that (x, ) is in F if (x, 3, p) is in D,. Then it is
clear that (5.17) holds if b, =bs+ Whs+bsbs(n+1) whenever (x, ¥, p) is inDs
and (x, y, ¢) isin D.

We may now complete the proof of Theorem 5.1. Suppose a positive
constant b and a neighborhood R; of C, in (x, ¥, p) space exist such that the
inequality (2.6) holds whenever (x, y, p) is in RiD, (%, ¥, ¢) is in D, and
?(x, y, p) =0 if 8 is in A(x). By Lemma 5.5 we may find a positive constant
by and reduce D; if necessary so that |Ey| <biEr, |Egf| SbiEL, E—¢*
<bE; if (x, ¥y, p) is in RyD and (x, ¥, q) is in D. Define N as the member
of the class N determined by the neighborhood R; and a positive number a
such that a <b, ab;[t+1+m max |N(x)|]<b. If (x, ¥, p, ¢, ») is such that
(x, 3, p,¥) isin N, (x, 3, p) and (x, , ¢) are in D, and ¢*(x, y, p) =0if B is
in A(x), then »(Eyy—¢?) = —ab Ey if v is in T'(x) —A(x),

(»* — N)Ege = — abymax | A (x) | E;g, (rr — NP = ar(x) %,

(»»—N)Eye = —abiEr. Now if ais in A(x), then ¢*(x, ¥, p) =d%(x, ¥, p) =0,
d5i(x, ¥, p) =& (x, ¥, ), while if « is not in I'(x), then y*=A*=0. Hence
(ve—N\2)(Eje—9*) = (v*—\*)(Ez=—&2) if a is restricted to the set comple-
mentary to I'(x) —A(x). It follows from these relations and the identity (5.2),
written in the form
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EF(xy Y, Py q, V) - Vﬂ¢ﬂ(x9 Y, q) = EF(xy ¥ ?: q, x) - )\ﬂ(x)ttﬁ(x’ Y, 9)
+ 0 = W)Ep + v(EgT = 67) + (7 — ) Ege — (7 = M),
that the left-hand side of (5.1) is not less than

b[EL(p, ) — M(2)F(x, ¥, @] — atbEL(p, ) — abrEL(p, 9)
— amax | () | mb1EL(p, q) + ar*(x)$=(x, 3, q) = 0

by virtue of our choice of a. This completes the proof of Theorem 5.1 since
IIT follows from Theorem 4.1.

6. Convergent sequences of admissible arcs. In the proof of Theorem 2.1
we shall need to be able to draw conclusions on the convergence of the deriva-
tives 95 of a sequence of admissible arcs C, which converge to Co uniformly
in (x, y)-space. The particular results needed can be deduced from the fol-
lowing theorem.

THEOREM 6.1. Let C, satisfy the hypotheses of Theorem 2.1. If C, is a se-
quence of admissible arcs in D which converge uniformly to Co in (x, y)-space
such that lim sup J(C,) SJ(Cy), then it is true that lim K(C,, Co)=0, and
that there is a subsequence C. of the sequence C, such that lim 35, =175 almost
uniformly on xx2.

Here J(C) and K(C, C,) are defined as

1© = [ 1B 3.3, = M@, 5, 9)]e

K(C, Co) = f? [L(y = 50 — 1]dx.

Consider the equations
#(x, y, P) = ¢#(x, yo, J0),  ¥°(%, 3, P) =0,
'/’i(xy Y, P) = 'Pi(xv Yo, 5’0)

in which the functions ¥/ are those of Lemma 4.1. By Corollary 2 to Theorem
4.1 the functions involved in equations (6.1) are of class C’ for x on each
4. and for (x, y, P) near C,. Hence there exist solutions Pi(x, y) of class C’
if x is in 4, and y is near yo(x) such that Pi[x, y,(x)]=74(x). Since y5(x) is
continuous, it follows that equations (6.1) are satisfied when x is an end point
x, of an interval 4, by Pi(x,~, y) as well as by Pi(x,*, y). Since the equations
(6.1) admit only one solution near §5(x) when ' is sufficiently near yj(x), it
follows that Pi(x,~, y) = Pi(x,*, ), and hence that Pi(x, y) is continuous on
the whole interval xx%. Differentiating this last equation we see also that
Pii(x, y) is continuous on xx2,

With the help of the functions Pi(x, y), J(C) can be written as the sum

6.1)
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(6.2) J(C) = J*(C) + E*(O),

in which
2

o= " [F(5, 3 PN + (5 — POy, 3, PN ]z,

1
2

E¥(C) = f [Ex(%, 3, P, 5, \) — M(2)¢(s, 3, 9) Jdz.

z

For any function H(x, v, p) of class C"’ on D we define
52
(6.3) 7O = [ He 5, e

We shall be interested only in the case in which there is a positive constant
¢ and a neighborhood D, of C, relative to D such that

(64) EF(xr ¥ ?! q, )‘) - )‘B(x)&(xr Vs 9) ..2_ Cl EH(xs Y ?s Q) I

whenever (x, y, p) is in Dy, (x, ¥, ¢) is in D, and ¢(x, ¥, p) =0 if B is in A(x).
We shall say that H is E*~-dominated by F near C, on D when this is true.
We shall also restrict the constant ¢ and the neighborhood D, so that

(6.5) Er(%, 3, 9, ¢, \) — N(2)¢P(%, 3, @) = cErL(p — P, ¢ — P)

whenever (x, y, p) is in Dy, (x, ¥, ¢) is in D, and ¢#(x, ¥, p) =0 if 8 is in A(x).
The possibility of doing this follows from the E*-dominance of L by F near
Co on D and from Lemma 5.5 when we observe that L(p —P) satisfies the
hypotheses imposed on H(x, y, ) in that Lemma.

Theorem 6.1 will be a consequence of the following lemma, whose proof
is identical with that of a similar lemma of Hestenes [4, Theorem 5.1].

LemMA 6.1. Let C, satisfy the hypotheses of Theorem 2.1. Given a constant
€>0, there exists a constant 1> 0 and a neighborhood ¥ of Co in (x, ¥)-space such
that the inequality

H(C) — H(Co) < ¢
holds for every admissible arc C in  which lies in D, satisfies the end conditions
(2.1), and is such that
J(C) = J(Co) + 1.
The first part of Theorem 6.1 will follow from Lemma 6.1 provided that
H(C)=K(C, Co) has an integrand H(x, ¥, p) =L(p —¥o) —1 which is E*-dom-

inated by F near Cy on D. Since this can be shown just as (6.5) was shown, we
conclude that

lim K(C,, Co) = 0.
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To prove the second part of the theorem, we observe that Schwarz’ inequality
implies that
2

{f : |9 = 3] dx}z = { f [LG5. = 50) — 112[L(3 — 30) + 1]”’dx}2

< K(C,, Co) f ) [L(5: — 30) + 1]dx

= K(Cr, Co)[2(s* — #*) + K(C:, Co)].

It follows that 5! converges in mean of order one to §;. The existence of a
subsequence which converges almost everywhere to 73 (and hence almost
uniformly to 7)) is a well known consequence of convergence in mean [2,
Theorem 23, p. 242 and Theorem 19, p. 239].

7. The variation 75. Our proof of Theorem 2.1 is indirect. Suppose the
hypotheses of Theorem 2.1 are fulfilled but that the conclusion is not. Then
there is a sequence C,: yi=4y%(x) of curves in D which satisfy the end condi-
tions (2.1), are different from C,, and such that

lim 5,(x) = yo(%)
uniformly on x%2, and yet I(C,)<I(C,). Since C, and C, are in D and
N020, J(C.) =NI(C,) SNI(Cy) =J(Cy). By virtue of Theorem 6.1 we may
replace C, by a subsequence for which §} converges almost uniformly to
% on x1x? and hence for which lim k,=0, in which

32

h20, K =K(CnC)— f N()F (%, 3, 9)d.

z1

This follows since N(x)?(x, y,, ¥») converges boundedly to N(x)&*(x, ¥o, ¥o)
=0 almost everywhere on xlx2. Let us define

(%) = (3 — y0)/ kr.
Then it is clear that

2

(7.1) f L)} < 1,

in which
(%) = 1+ L3, — 30 = k| 4"/ [LG» — 30) — 1].

LeMMA 7.1. The integrals of the functions h.(x) are absolutely continuous
uniformly with respect to r.

This follows since k.(x) differs by 2 from the integrand of K(C,, Co) and
K(C,, Co) tends to zero.
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LeMMA 7.2. The functions n}(x) are absolutely continuous uniformly with
respect to r.
By Schwartz’s inequality and (7.1),

. 2
f wdx| < f (| % |?/ r)dx f hdx < f hodx.
M M M M

Thus the result follows from Lemma 7.1.

(7.2)

LEMMA 7.3. The sequence of arcs C, may be chosen so that there exists a func-
tion mo(x) satisfying the end conditions (2.8) and such that lim 7}(x) =n}(x)
uniformly on x'x®. Moreover, n5(x) is absolutely continuous and

2

fz | 50 |2dx < 2.
zl

By Lemma 7.2 the functions 5}(x) are absolutely continuous uniformly in
r. Since 7j(x!) =0, the functions 7{(x) are also uniformly bounded. By Ascoli’s
theorem [2, p. 122] subsequences can be found which converge uniformly
to limits 73(x) and these limits are obviously absolutely continuous and such
that nf(x*) =0.

The proof of the integrability of ]ﬁo| ? to an integral bounded by two is
identical with that of the corresponding assertion when there are no dif-
ferential inequalities [6, pp. 528-529].

LEMMA 7.4. If g(x) is bounded and measurable, and if N;.(x) are continuous
functions which converge uniformly to Nio(x) on x'x2, then

(7.3) lim f ¢(x)(mt — n)dx = 0,

(7.4) lim f N,-,(x)ﬁfdx = f N,-o(x)ﬁ;dx
M M
for every measurable subset M of x'x2. If [ g(x)| 2 is integrable, then
7.5) tim [ g(@)i = idz = 0
M

for every measurable subset M of xx? on which ¥ converges uniformly.

The relation (7.3) is obvious since 7{(x) converges uniformly to n}(x).
If l g(ac)l2 is integrable, there exists for each ¢>0 a bounded function G(x)
such that [8, p. 229]

fz | g(x) — G(x) |%dx < e
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If M is a set on which 9§} converges uniformly to y; on M, then k,(x) converges
uniformly to 2 on M and so it follows from (7.1) and Lemma 7.3 that

f | % |dx < 3, f | 40 |2dz < 2
M M

if » is sufficiently large. From Schwarz’ inequality we then have

2

1l s = G103 — and

< 2fM [g(x) — G(x)]2dfo(| i |2+ | 0]2)dx < 10e.

To prove (7.5) it is therefore sufficient to prove it when g(x) is bounded.
The relation (7.5) when g(x) is bounded and M is any measurable subset of
x'x? and the relation (7.4) follow from known results on Lebesgue-Stieltjes
integrals [see 2, Theorem 28, p. 285; Theorem 21, p. 280; Corollary to
Theorem 20, p. 280].

8. Some auxiliary functions. Let us recall from §6 the definition of the
functions Pi(x, y) such that [x, y, P(x, y)] lies in D whenever (x, y) is in a
neighborhood of Cy and such that Pi(x, y,) =755. Define pi(x) =Pi[x, v.(x)],
T (%) = [p1(x) — p5(%) ] /vy 7o(x) = Pie [, 30() | ().

LEMMA 8.1. The foﬂo-wz'ng relations hold:

(8. 1) ¢ﬂ(x, Yry Pr) = ¢ﬂ(x1 Yo, ).’0), ,pp(x’ Vry Pr) =0,
(8.2) lim p,(%) = po(x) = $o(x) uniformly on z'z
(8.3) lim 1r:(x) = r;(x) uniformly on .

Equations (8.1) are immediate consequences of the definitions. Equations
(8.2) follow from the uniform convergence of yi(x) to y¢(x) and the con-
tinuity of P(x, y) for x on xx? and y near yo(x). To prove equations (8.3)
observe that Taylor’s formula yields

(%) = Bu(®)m(2),

in which
. 1 .
Bi(z) = f Pis[, yo + 03, — y0)]db.
0

Since ; converges uniformly to y} and since Pi.(x, ¥) is continuous for x on
x'x? and y near yo(x), B, (x) converges uniformly to P [x, yo(x)]. By Lemma
7.3, 7;(x) converges uniformly to n3(x). Hence equations (8.3) are true.

As a corollary of Lemmas 8.1 and 7.4 we have the following lemma.
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LEmMA 8.2. If N,(x) are continuous functions which converge uniformly to
Nio(x) on x'x2, and if Ig(x)| 2 is integrable, then

lim f Ny — w)da = f Naio — mo)da
M M
for every measurable subset M of x'x?, and
tim [ g)ir — wax = [ ga)is — wi)da
M M

for every measurable subset M of x'x? on which ¥, converges uniformly.

LeEMMA 8.3. If ¢(x, y, p) is any function of class C’ near Co, then
lim & [6(2, 3, £) — 6(% Y0, 90)] = bumo + Spemo
uniformly on xx2.

This follows directly from Taylor's theorem and Lemma 8.1.
If we replace, in Lemma 8.3, ¢ by y# and then by ¢f and use equations
(8.1) we immediately deduce the following lemma.

LEMMA 8.4. The functions n4(x) satisfy with the auxiliary functions my(x)
the following equations:

p s p i g i B 3
Yymo + Ypimo = 0, dyimo + ¢pimo = 0.

9. First order terms. Let H(x, y, ) be a function of class C' near C,
and define

2C ) = [ H 3 s
H*C, M) = f . [H(x, y, P) + (3¢ — P)H (%, 3, P)]dx,
Et;(C, M) = fu Eg(x, y, P, y)dz,

Hy(n, M) = f (Hy' + Hypd)dz.
M

It is clear that
(9.1) HC, M) = H*C, M) + Ex(C, M).
LEMMA 9.1. If H(x, v, p) is of class C' near C,, then
lim & [H*(C,, M) — H*Co, M)] = Hi(no, M).
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This follows at once from Lemmas 8.3 and 8.2.
Let us define

i) = f (Fyori + Fpei)d.

By virtue of equation (2.3) and the fact that 7}(x*) =0, we have the following
lemma.

LEMMA 9.2. For each r=0, 1, - - -, Ji(n,) = Fpm}| 5 =0.
LemMA 9.3. We have that
lim 4 [J(C,) — J(C)] = lim & [J*(C,) — J*(Co)] = lim & E*C,) = 0.
By Lemmas 9.1 and 9.2 we have that
lim kr_l[J*(C, — J*(Co)] = Ji(no) = 0.
From equation (6.7) we conclude that
(9.2) 0 = lim sup & [J(C;) — J(Co)] = lim sup &, E*C,).

However, E*(C,) 20 if r is so large that (x, y., p,) is near enough to C, for
(2.6) to hold, since both (x, ¥,, $,) and (%, ¥,, 9,) are in D and ¢*(x, y,, p,) =0
if 8 is in A(x). Hence the right-hand side of (9.2) cannot be negative and so
the lemma is true.

LeEmMA 9.4. If H(x, y, p) is of class C’ near Co and is E*-dominated by F
near Co on D, then

lim &, [H(C,, M) — H(Co, M)] = Hi(no, M).

If » is large enough, we may integrate the inequality (6.4) to see that
| E%(C., M)| £c'E*(C,) and so we see from Lemma 9.3 that

lim %, Egn(C,, M) = 0.

Lemma 9.4 is now an immediate consequence of Lemma 9.1 and equation
9.1).

10. Admissibility of the variation 7;. We have seen in Lemma 7.3 that
the functions 7§ are absolutely continuous, have integrable square deriva-
tives, and satisfy the end conditions (2.8). We complete the proof of the
admissibility of 7§ in the following lemma.

LemMA 10.1. The variation n} satisfies (2.9) for almost all x in B(B), (2.10)
for almost all x in A(B), and (2.11) for almost all x on x'x2.

It follows from Lemma 5.5 that the functions y? and @* satisfy the condi-
tions imposed on H in Lemma 9.4. We thus infer that
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0 =lim & f W',y 90 — (% yo, 90)]da = f Womo + Vadio)dac
M M

for every measurable subset M of x'x2. Hence (2.11) is satisfied for almost
all x on x'x2. We also have that

0 < lim & f (%, yo, Jr)dx = f (Bymo + Bpeio)d,
(10.1) M M
B < 8 i
0 §f (Pymo + dpimo)dx
M
for every measurable subset M of 4(8). Hence (2.10) is satisfied for almost

all x in A(B). If M is a closed subset of B(3), there is a number e(M) such
that N8(x) = — es(M) <0 on M. Hence it follows from the definition of k. that

z!
05 £ [ F o siis s - K600 [ N@E, 5, 500
M z1
< ks (M).
Hence the inequality (10.1) is an equality for every closed subset M of B(B).

It follows that (2.9) is satisfied for almost all x in B(B).
11. Second order terms. The second variation of J*(C) along G, is

22 . .
12*(77) = f [Zw(x; 7, 7"0) + 2(’7‘ - Wo)wr‘(x) m 7r°) ]dx
zl
in which 2w is defined in (2.12). It is easy to see that
22 . .
7w = 7 = [ Py’ = ) = wyda

LEMMA 11.1. We have that lim k] 2[T*(C,) — J*(Co)] = (1/2) J5 (n0).
This follows at once from Taylor’s theorem and Lemmas 9.2 and 8.2.

LemwMmA 11.2. If H(x, v, p) is a function of the form
H = 6[Y'(z, 3, )W (%, 3, §) + do(x, 3, Dbo(s, 3, 1)),
sn which 0 is constant and ¢3 =N (x)B(x, ¥, p) (B not summed), then

lim &, f En(%, 1, pr 9r)dx = 0
M

for every measurable subset M of x'x* on which ¥, converges uniformly.

Since equations (8.1) hold, the lemma is equivalent to proving that
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- LB .
lim £ f S0, Yrr §)BU(E, Y, Fr)dw = O
M

for each B. Since y; converges uniformly to 75 on M and (2.4) holds, there
exists for each €>0 an index R(e) such that

. 2 .
0 = ¢u(x, 3 I 1+ ¢ (2, 30 3] 2 — ¢
for each B if > R(e). By the definition of k,, we have that if »> R(e),

0= &' f 62, 3oy IV 30y A S — B e f N () 90, 5z S ¢
M M

for each 8. Hence the lemma is true.

LemwMaA 11.3. We have that
— 1 s i 1. v v
lim inf &, 2E*(C,) = > f Fpipo(fo — mo) (0 — mo)dx.
In order to prove this result let M be a measurable subset of x'x2 on which

y; converges uniformly to 95. With the help of Lemma 11.2 and Corollary 3
to Theorem 4.1 the proof of the relation

_ 1 ¢ i v
lim inf k,2f Ep(%, Yoy pr, Yr, Ndx = —z—f Fpipo(o — mo)(0 — mo)dx
M M

can be made by the method of Hestenes [5, Lemma 10.1]. Since
N(x)@P(x, ¥», 9») =0 and since (2.6) holds, we thus find that

lim inf k,—2E*(C,.) > lim inf &, f [Er(x, Yry Pry 90 N) — )\ﬂ(x)d)ﬂ(x, Ve 9r) ld
M
> lim inf &, f Er(%, yr, pr, Ir, Ndx
M

1 [y ?, v v,
> f Pyl — 1) (i — w0)da.
2Jxy

Since % converges almost uniformly on x'x?, it follows from our choice of M
and the integrability of |4o|? that this last inequality also holds when M is
replaced by the whole interval x!x2. Hence the lemma is true.

12. Completion of the proof of Theorem 2.1. By virtue of the definition
of C, and equation (6.7), we have that

(12.1) 02 & [J(C) — J(Co)] = & [J*C.) — T*Co) + E*(C))].

By Lemmas 11.1, 11.3 and equation above Lemma 11.1, we have that
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0= J3(n0). Since 7}, is an admissible variation by Lemmas 7.3 and 10.1, it fol-
lows from the hypothesis of Theorem 2.1 that 5j(x) =0. It then follows from
(12.1) and the non-negativeness of E*(C,) for sufficiently large r that
lim £ 2E*(C,) =0. By Lemma 5.5 there exists a positive number 5*, which we
may assume to be less than one, such that E.(p,, 9,) Z0*EL(pr— F0, Yr— o)
for r sufficiently large. It then follows from (2.6) that for sufficiently large 7,

22

k:zE*(Cr) g_ bb*k:zf [EL(P" - 5’0: yr - yo) - )‘ﬂ(x)‘zﬂ(xv Yr yf) ]dx
zl

14 kem,

- m — N(x)@5(x, yr, S’r)] dx

zz

z k" [ [L(y‘, - 30)
zl

2.4 4

2wk [ 26— 30— 1= ¥@#E 300~ 2
= L r 0) — - y ey Yr) — .o .
zl L(Pr_)"o)

By Lemmas 7.4 and 8.1 and the definition of k, we find that

lim inf &, E*(C,) = bb* > 0

since 75=0, and this is a contradiction from which we infer the truth of
Theorem 2.1.
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